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Max-min problems are word problems in which you are asked to

maximize or minimize a certain quantity. They are sometimes-called
optimization problems.

A strategy for solving these kinds of problems will be outlined here,
but the only way to become adept at solving max-min problems is to do

lTots of them. So give yourself 45 minutes to an hour to sit down and
work through some problems.

Pre-requisites:

- how to take first derivatives

- how the 1st derivative relates to the maximum & minimum

points of a function. (If you are at all shaky on this, see
module GRAPHING WITH CALCULUS.)

- formulas for perimeter, volume & area for various- shapes.
(See Capsule on GENERAL FORMULAE.)
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Strategy
0. Read the problem carefully, several times. Many errors are due
to. careless reading & subsequent misinterpretation of the question.

1. Draw a diagram. This is an excellent way to get you thinking mathe-
matically; away from English words & into symbols.,

2. Invent Symbols for the quantities involved. P for perimeter, etc.

3. Set up an Equation, or set of equations. These almost always are

about perimeter, area, volume, or cost.
4. Determine the Quantity to be maximized or minimized.

5. Express this quantity in terms of One Variable.

6. Take the Derivative & determine the critical value(s)
(set derivative = 0, and solve for the variable, also list values
of the variable for which the derivative does not exist.)

7. Determine the Interval of acceptable values for your (one) variable.

8. Test the endpoints of the interval and the critical points in the
formula from step 5 to determine the absolute min or the absolute
max. (There is a theorem - see your calculus text - that the
absolute max or min must occur at a critical point or at the endpoints
of the interval).
Note: Do Not omit finding the endpoints and testing them. Professors
love to set traps for this.

9. Then look at your answer. Reread the question. Does your answer

seem Reasonable?

Strategy Summary: Read, Draw, Symbols, Equation, Quantity, One Variable,
Derivative, Interval, Test, Reasonable?
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Example 3.

Find two positive numbers whose sum is
of the cube of one number and the square

a, such that the product
of the other is a maximum.

1. Draw: Not possible here.
2. Symbols: 2 numbers - call one x
and the other a - x
(sum = a, x+ (a-x) = a)
3. Equations: Note: There is only one variable x, so only one equation
is needed.
.3 2
Product = x“(a-x)
4. Quantity: We are maximizing the product.
5. One Variable: Done
Product = x3(a2~2ax+x2)
= x3a2-~2ax4+x5
6. Derivative: d Prog:ct) = 3x2a2-8ax3+5x4
0 = 3x2a2-8ax3+5x4
0 = x2(3a2-8ax+5x2)
0 = x%(3a-5x)(a-x)
critical points: x =0, x = a, x = %?

7. Interval: 0 < x < a
sum(= a).
8. Test:
Xx = 0 Product = 0
X = a Product = a(a-a)2 = 0
_ 3a _ (3ay3,_  3a,2
x = T Product ( 5) (a 5)
one number = x = 33-22-(-2-)5
other number = a - 33-22(2—)5
9. Reasonable: Yes, answer checks.

Each number is positive (> 0) and less than

al

3
81a (%ﬁr) < maximum

125
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For the next 5 problems,

;X§7 solutions are presented in 4 parts. ;Zﬁé*

Try and do as much as possible on your own.

Refer to the partial solutions only if you are really stuck.

1. Postal regulations state that a parcel must have combined length
and girth of at most 72". What dimensions should be used to construct
a box with a square cross section which will comply with regulations,
and have the most volume?

2. A rectangular box with a square bottom and no top is to have a
volume of 6 cu.ft. The material for the bottom costs $3/sq.ft. and the
material for the sides costs $2/sq.ft. What dimensions should the box
have to minimize costs? '

3. Find the rectangle of greatest area that can be inscribed in a
given circle.



MM -7

4. A local cable TV company wants to lay cables from its headquarters,
across a river 900 ft. wide to a new home 3000 ft. downstream, on the
opposite bank of the river. Running cable under water costs $5/ft, while
overland costs run $4/ft. Describe the most economical route to lay the
cable.

X 5. (Trickier) What is the maximum volume of the box formed when four
equal squares are cut from the corners of a 16' x 20' piece of cardboard?
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1.

5.

The word 'girth'’ might be confusing here.

Imagine a rubber band wrapped around the box.
Eiijg?j the length of the band is the Tength of the girth.

Draw a picture:

gl of

o
What quantity are you %inimizing?

Draw; Invent symbols
7

o -5
o n

(‘\'\)&( Qoo 34 W
.//1/,L/ \/"\/’L_l{\ /\//_\—//'\’\/\
Q’-——’“?; 000 L0 m——*—ﬁg Home

Draw

Hon

height
bottom side length

radius of circle
length of rectangle
width of rectangle



Miy-y

e XY,

c\ﬂ

X(X2-91)(x2-02) = aunjop
X2 - 91 = A X2 - 02 = 7 :6uy3Ind 433je suopsuawyg
02€ = (02)(91) = My = ®aay

mx + mocm\ = 8JUBJSLPp 433emuapuf
mx + moom = NAwucmumwn 4ajemadpun)

wa40ayy ueadobeyihg ayy LApdde ‘adueIsSLp Siy3 puly oy

P §50¢J ﬁﬂu

CpYOFRne
O Moo
1wwdﬂ+u. X ~000%
oo YPRO WA 4
% 10 M vy ™ N —
sswo g pod

> pa H=TITE —>
)y 000
oo ]

13500

43461y 343 3v piey 8Q O3 BARY § 43AL4 BY3 SSOJ4D 3|Ged 3yl S3op IJagm
A{3dexa ‘A(edy410ads ‘ajqed ayy Aey 03 33n04 e buypujy 3dde noy

]

v

z
Pl NAxm, + )

PENTEITY ccmucmccumu 3y3 Buisn

13A4ISQY

"9(buerIda4 343l 40 SuoLsuBWIp Ay} 03 812413 Y3y j0 suOiSUBWIP FY)
33e|d84 03 Aem Jwos paau Im ‘o0g "SA|qRLaRA 2 UL St 3L Ing ‘eauy 3yl
bWiXxew 03 paau aM  "J31YD§43 2(IIL| B S} uOpIenbd puo3las ayl 3a3b 3}

suojjenby

¥M = ¥ = 3(6ur3daa jo epauy

SJARL|OP U} AQ [[IM Jamsup unok

*Sapis 4noy
S43 40y sa(bue3das [fews unoy

(q4) v = sapis jo Sudrsuswip "33 'bs 2¢ = sapis jo V563
;9 = ©03309 jo TUGTSUBW|P "33 "bs g% = wolleq o Fs05
‘letdajew

243 40 3500 3yl s} paZjwiule 3q o3 XIJIUEAD ayj jey3 349y azy[eay

9 = Na: = A
:Suojjenby

xxKk = A
(43PtM) (Jubray)(yibuay) = a

"

dWN{opA :3Ziwixew 03 A3i3vuenp
w w2l IsSom 3e

40 Y3aib g y3bus| paugquod 3ARY 3Isnw {3duawd, 72/ s xpehk (uoi3enb3

Yibuay = £
Y346 = xy  :sjoquls

‘2 UOLIN[0S [er3deq



Ns»NLc\\ Nsuuv\ m mm
P e I A i ST

(Fue3sSucd ® S® 4 31vadl) SAFIVA[490 Y3 axey

m - _dpA0 =y

m - Adpp = 3

P S

:3 A®sS *3[QURLJRA BUO JO SWJIJ U} SSILAX] f

q
0 = m« - q9 = ¥ IETTERTISG

P
" mw + mam = 2
el + xwpl - 02¢ = 1 371w XEW S
. (;9/9)98 + a9t =
‘X ‘@a|qeidea 3uo ~a\o =4 9= 234 = A yqg + Nom =2
A{uo sey wa|[qo4d 3yl BIULS ‘RI4R 3y3 pasau A||eas 3, uop am - 3ION S . (S4BLLOP 2) 4qp + (Sae|iop nvmn = 3509 2
{
0 = x 'zL =x f J* = X2l
. . - - XP
mxmp = Xgpl O Nxm_ [ 2 AU ] AP e xey
{ g%+ ,006/) §§ + (x-000€) ¥§ = 3502 =N LT mm :BAIIEA}4Ip 943 SNEL

{apqes 433eMU3pun) G¢ + (B|{QEI PUB|43A0) $§ = 350D
mxv - wau = Nxﬁxe-NNV - Nxh . A

) 3503 Xp-20 = KExy + K = 24
SZiWjupw 03 (2 wa|qod4d u}p sv) buphu43 aue nok ‘saquawad - Suoj3enb3 i

ALuo J[qU{JeA U0 u} S$S@Jdx3 "t

‘€ uoLIn|os |erjaeq
OL-WW



©$49U403 3Y3 ;0 InC sIuenbs ,z2/¢ Ind OS
[xew = A 2/E = X

0=A 8 =x
0 = A 0 = x

131 J3PISUOD udAa jou 0 [ PAJB3IUl B47F 50 INO SL 2/L 6 a3nf{eA ayy IT.ioN

gl St y3bud| asoym
apLs ayj 4o Ino x2 buyxel ade nok aduys + 85> X > (0 [eAs3IU]

F4
1

40308 3, usaop

0 = Aom+xmmomxmve

©
n
>Ex
vlo
L22d

‘IWOY 3YJ 0) LITRMABPUN $S04D
Y3y} § 'sS433BwW NOBL 40 sSa333w (X-000f) Puei.aac ob IS 3INO0L Y3

ujw - 00,1l = 3s02 002*L = X
000°St < = 3502 000'¢
006°91 = 3502 0 = x

"
*x

000€ > X > 0
{BAdBIU]

Q021 + = x

9
2(006) g = ¥

x 3 C Nx+moom

x
e osen ) ) »Noom ‘p
Tz tg008~ 0= X T35e9)p

JAIIBALI00 'y

Gy =D 2= p TN 7N

Naum\v- AL 0 =¥ 42 =M
(4339weyp @(2442 Y3 =nzu.umv*: G 7,URd YIPIM) 425 M5 D{RA4RIU]
Mo _dpa
424 =M udYM Q= o .o.m i3
ferg)= v U= 9 LAy

st jybtay ay3 pue .2 x ,2 S} w03I0G IYJ UIYM UNDI0 S3S00 wNWjull

wnuuiw - 9f = $2 + 21 = 2 2 =9

pautjapun = 3 g =9
> q > 0 |[eAaddalu]

Z =G e

wbZxa2lx,21 = xo09q
W2 = £ K (20)y = w2t

W2l e X 'SUOLSUBWP

YT I 00002 = A Sn.u‘m"x

TN TIOW ——> T T ggptp w A It = x
TN Yy 0 = A 0 = x

X¢L = A 03 Ww = X “21=x
Y3aib xew - ?

F

mxe-m =X S3Nn[eA u} bnyg

vi

]
X 50 i X 40j |wA4RIU] |

~

TA9MSuUy |eul4



MM-12

10.

More Problems

During the summer, members of a scout troup have been collecting
used bottles that they plan to deliver to a glass company for
recycling. So far, in 80 days the scouts have collected 24,000
kilograms of glass for which the glass company currently offers
1 cent per kilogram. However, because bottles are accumulating
faster than they can be recycled, the company plans to reduce by
1 cent each day the price it will pay for 100 kilograms of

used glass. Assume that the scouts can continue to collect bottles
at the same rate and that transportation costs make more than
one trip to the glass company unfeasible. What is the most
profitable time for the scouts to conclude their summer project
and deliver the bottles?

It is noon, and the hero of a popular spy story is driving a
Jeep through the sandy desert in the tiny principality of
Alta Loma. He is 32 kilometers from the nearest point on a
straight, paved road. Down the road 16 kilometers is a power
plant in which a band of dnternational saboteurs has placed

a time bomb set to explode at 12:50 p.m. The Jeep can travel
48 kilometers per hour in the sand and 80 kilometers per hour
on the paved road. If he arrives at the power station in the
shortest possible time, how Tong will our hero have to defuse
the bomb?

The sum of 2 positive numbers is 16. Find the two numbers if
the product of their squares is a max.

Find the positive real number between 0 and 1 whose square
exceeds its cube by the greatest value .

Assuming that the strength of a beam of rectangular cross-section
is directly proportional to the width and to the cube of the
altitude, find the width of a beam of maximum strength that

may be cut out of a log of diam. 16 cm.
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11. A ditch is to be dug connecting A and B.
The earth along AD is soft, but that to

the right of AD is hard. The cost of

digging the portion AC is $10/ft. and the cost -
of digging the portion CB is $20/ft. Where :
should the turn C be made for a minimum

cost? D

12. If a ball is thrown vertically upward with a velocity of
32 ft/sec, its height after t sec is given by the equation

s = 32t - 16t2.

At what instant will the ball be at its highest point, and how
high will it rise?

13. A chemist makes 100 ounces of perfume. He knows that at a
price of $7.00 per ounce he can sell all the perfume. However,
for each $.50 increase in price per ounce, one less ounce is
sold. For each ounce he does not sell, he saves $.02 in
bookkeeping costs. What price should he charge for maximum
income? ’



Answers and SO]Uti0ﬂiwiﬂﬁﬁgﬂiiipﬂﬂle£QPl£E§i

6. Scout's profits = (total# bottles collected) x (what company wii]
pay per bottle)
P - (24,000 + 300 t) - (lﬁ—)~8~6~t-)
a 5
= 24,000 + 60 t - 3t
(quadratict!)
D =60 - 6t =0 when t = 10
. let t = #days from now
| 236000 - 30?1 kg _ t|p
ay 3 ma x
' . C10 [ 37243.00 rofit
' bottles are collected 15 )
' now company pays EGAD!

! 1¢/kg or 100¢/100 kg °
| company lowers price '

i T%ﬁv per day
7 — 1l —,
A roodl
X /
[
ll
I
1
t5a.0d

T -

_ 2X

10 more days of collecting
isn't worth $3. Hope the
scouts know enaugh graphing
to notice this.

e want to minimize

time T = time on sand + time on road

distance on road
rate on road

distance on sand
rate on sand

Vx© o+ (32)2
48

_16-x

* T80

LI

8?4"’)

(2)48/x% + (32)2

o

f\
pus
1]
b
(e o]
o
>
]

5y = Jx2+(32)2
3
-%?xz = x%+ (32)?
%§x2= (32)2 SO
2
2 . (32)°(9)

16

apd taking S% root both sides
gives x=24f which jg not
even within Oix_<_]6!

N
484“(32)2

So-min. time

the
must be at x=0 or at x=16, "endpts

T=.86 T=.74

12:50 is .83 hrs. after noon;

.83 - .74 = .ogA“i"s.a min. to defuse
bomb.
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8. x+y = 16 y = 16-x Xx“+y = product P
max P = x2(16—x)%:x ((]6)2- 32x + x2) = (16)2 x2~ 32x3 + x4
dP _ 2-(16)% x - 96x% + 453
B 4((16-8)x-24x% + x3) = (4x(x2 - 24 + 128)
(x? - 8)(x-16)
critical points x=8
x=16
interval 0 < x < 16
Plug in x=0 P=0
x=16 P=0

when x=8 y = 16-8 =8

<:€:EETbers are 8, anqAE’;:)

9. Difference = x2 - x3 not x3 - x2 - square exceeds cube
(Read carefulTy)
dD _ _ 2
ix 2x - 3x
= x(2-3x) = 0 x=0, %' + critical points

Interval 0 < x <

x=0 Difference = 0

. _ 2 _ 3 _ n
X =0 Difference = 0 (o = »” = ")
x=2/3 Difference = 4/27 +«  max



Income = (7 +.50x)(100-x) +.02x = 700 + 43.02x - .50x

strength = kwh h™ + 0™ =16

H]
Vol
N
(e}

i
-

N
e 2

max strength

w N
w1

A 24
L]

x=CD

Cost = 20/4° + 242 + 10(90-x)
minimized forC:E:E:EE—fEEE:>

32t - 16t2 so v=32 -32t

when t=] at t=],

# of .50 increments in price

2

43.02 -x = 0 when x = 43.02, which is a maximum

because dZI

—7 < 0.
dx

so price he should charge is $7 + (43.02) x $.50) $28.51 ? EGAD!



