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KR " “orrrant (L) 1IEE by Beverdy Menderson Mast a) Symmetry about the y-axis. This occurs when f(a) = f(-a),
. I
where a 1is any number, ﬁ
e.g. f(x) = xz- 2
Prerequisites: how to calculate limits and derivatives . f(3) = 9-2=7
= va
f(-3) = 9-2=7 T » X
f(3) = f(-3)
Calculus is a tool that provides additional information for symmetry about y-axis -

graphing information that cannot be obtained by using the non-calculus

techniques reviewed below. When used together, the calculus (5-7) b) Symmetry a?put the origin - this occurs when~ tl-2) = -f(s)

ber.
and non-calculus (1-4,8) techniques allow us to graph almost any where a 15 any number

function given. e.g. f(x) = x3
Non-calculus technigues: — the following is a brief review of fa) » 27 0 >
f(-3) = -27

graphing techniques that do not require calculus. The accompanying :
symmetry about the origin

explanations are very brief. More detailed explanations and exercises

are given in the GRAPHING Capsules. If you have any trouble Symmetry is very 1mpor§ant'1n that if we know symmetry exists, we

understanding these explanations, or for a good review of graphing, need only to find half the graph and we will also find the other half.

I strongly suggest Tooking into GRAPHING. 3) Inadmissible regigns — there are functions that, when plotted, do
not make use of the en_ii'lre x-y plane x"
Consider a function y = f(x) e.g. f(x) = x", where n 1is any even
mb ositive
1) x_and y intercepts — these are the points where the curve ::lu:: “:u e b e ontv e ///// ///
crasses the x and y axes respectively. (i.e., x-intercept is f(x) = xi or WX , where n is any // \7;(—
where y=0 and y-intercept is where x=0). even number will limit f(x) to only /
To find: x-intercept, set f(x) = 0, solve for x. ::::2:?2 vglues and xto only positive /) //

y-intercept, set x = 0, solve for y = £(0).
1f we can determine that there is an inadmissible region on our graph,

we can ignore this region.
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4) Asymptotes -— thegare lines that a function approaches but
never touches,
e.g. f(x) = £y . This function is not defined at x=1. x will

get close to 1 but not hi%~ﬂt. So x=1 1is an asymptote

L/
: If the numerator of f{x) 1s always
: 1, then y will never be 0, although
: it gets closer to 0 as x approaches
!=0 : ox extreme values. So y=0 1is a second
T i asymptote.
: Asymptoies are important because they
: are a part of the picture. They act
: as a gufde as to where the graph
o should bé.
Calculus Techniques: — The two topics of Célculus most often found

in graphing are limits and derivatives.

note: A more in depth discussion and review with exercises for

limits may be found in Ray Bacon's LSC Mathémétics Learning Module II,
Limits: An Intuitive Approach.

Limits: Limits tell us what is going oh as x gets closer
to a number. In the function above, f(x) = -I%T , we can use limits

to determine the behavior of the curve as it gets closer to x=1.

. 1 1
Tim = 4 o Tim i il
x+1t Xl x+1" X
as x » 1. from the positive as x .+ 1 from the negative side,
side, f(x) gets very large f(x) gets very large negatively
positively
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£ix) e x-x°

5) X + = and x + == .

Limits also tell us what happens at the extremes.

As x gets larger p8$1t1ve1y As x goes tb the negative extreme,

1 1

lim =T =0 1im —-_'T-'O
X + x= XK+ = X
f(x) gets closer to 0. f(x) gets closer to 0.
Derivatives: — By far the most useful topics in Calculus for graphing

————— AT T—

are the derivatives.

6) First derivative [f'(x])] - the first derivative gives slope. 3
In the given function f(x) = 3x=x",
- = the two points (a,b) where the curve
stops going in one direction and turns
toward the other are the the maximum
1’ and minimum points.

At point a, the curve stops increasing

& -3 ’ ; (positive slope) and starts decreasing
(negative slope). This is a relative

maximum point.

3 At point b, the curve stops decreasing
é } and starts decreasing. This is a
relative minimum point.

These max. and min. points have a slope = 0. {because horizontal lines

0
By =0, so that —2f = 2R = 0). To find the

have slope = —Q% where X

A
max and min points, take the first derivative of the function and set it

equal to 0. Then solve for the x-values.
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7) second derivative — [f"(x)] = The second derivative is the
derivative of the first derivative.

The second derivative shows concavity. Given:

f(x) = 3x - X3

for our example.

3 \

(3
f(1) = 2, f(-1) = -2 " inflchom
our max and min points /"““*

fx) = 3x - x

3 -3x" =0 are {1,2) and (-1,-2).
3 = 3x2
1 = x2 A
A b . The curve is concave up The curve is concave down {opens
1= x = nother possible place for relative (opens upward) where f'(x)} downward) where f'(x) (slope) is

max and min points is where a

derivative does no . .g.
00X £(x) = x2/3 nas notd:::j:tivéebit‘
a relative min. at x=0). So, check
points where f'{x) does not exist
as well. Our example f(x) = 3x -x3
has no such points.

always decreasing from left to right

(slope) is always increasing
and f"(x) < 0.
YA

from left to right and
f*(x) > 0
BTSSR 4

A point where the cqpcavity changes {s calied an inflection
point. At this point, f%{(x) = O.
a— —

——

ia (d_m R s
Apoint with its first derivative equal to 0 and ax €-0 L‘Z:::e

. . . second derivative less than 0 (negative) is / \ u, . concam

The first derivative teils us the location of the max and min points. ;*:;;;tive naximum. A pé%nt wifhgits first £'<o 1

BuF 1? does ?ot tell us which one is a max and which one a min point. derivative equal to 0 aha second derivative R R hort

This is the job of the second derivative. e ch.mm___ fio Tl
greater than 0 (positive) is a relative e
minimum, ’ Npd v, o Comeant

in our example:
our critical points x=+1, x= -1

fr(x) = 3 - uF - ‘
£Y(x) = -6x. f*{1) = -6 rel. max at x=

£2(-1) = -6(-1) = 6 rel. min at x=-1

f'{x) = -6x = 0
-6x = 0
x = 0<=inflection point
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The following table summarizes the relationship between the first
and second derivative.

First Derivative

has a horizonall
SIOSe "But you|
need more info.
to determine
shape.

Second Deri
(ol (f"(xlvative. ox s a ... Diagram
0 - rel.max.pt.
0 +
rel.min.pt. \\.</
undefined undefined may Se a rel. le.g.
max. or min.pt. ’ Y{(x).x'h
or \/ #0-m
+ 0 infl.bt. _}/kh or 77,,1-
/
- 0 infl;bt. ' ‘\ or “\".
‘\
0 0 ..myéiery. It

8) Point plotting — This is where you find f(x) by plugging in «x.

This is the method of graphing to use when you are given a
function with a point or a set of points where all hell breaks loose

and nothing else works.

. .
Before we start graphing, lets 1ist again all the things we need to

know.

1) x and y intercepts A Note: There will be times

2) symmetry * when either some of these things

3) i{nadmissable reaions don't exist or they are too

4) asymptotes hard to find. Don't spend too

5) X 4wy X+ e much time on finding them. Only

6) first derivative information ook for them at the end when
(slopes, max-min points) you have more time and/or know

) e e aen) | they extst.

8) other points that will help This note does not include (6}
graph the function J Always look for max-min points.

Dotted lines
indicate slope at the
point.

This 1ist may seem long in the beginning, but with practice it
gets much shorter and easier.

A final note: Graphing problems are overdetermined. The
above information (points, slopes, concavity, etc.) should fit
together., If it doesn't, check for mistakes.
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Example:
3 2
Graph f(x) = x~ - 3/2x° - 6x + 5§ . £
pts. to consider X flx) 1P (x) (x}7 5 "
1) x-y intercepts y = 0=>x=7 hard to tell 0 5 - - for these points. f{x) and f*(x) are
found as a check.
X = 0 iy y:S (0’5) 1 _3/2 - +
. -1 {81/2] o - (max) -
2) symmetry - try f(1) and f{-1) 2 | -5 0 + (min)
3 ) vz |1 e - o inflpt. \ or
(1) = (V)7 - 3/2{1)°-6(1)+5=-3/2 (1, -3/2) N -
- 't have
F-1) = (-3 3/2(-1)2-6(-1) +5=8 1/2 (-1. 81/2) Lo o
no symmetry exact number,
just the sign.
3) inadmissable regions - probably not. k
4) asymptotes - none.
5) x R N x Ay -
Tim x3-3/2x% - 6x + 5 = 1
X+ 00 s
+ =+ ®
tim  x%-3/2x% - 6x+5
X+ -w T s e L.
}ﬁﬁfiﬂ\
: ; ] L
6) max-min points 2 _\ Y
SR ok
F(x) = 3% - 3x -6 =0 TNy Flehs
3(x2-x-2) = 0 B 32‘\
)(2 - x=-2=20 d %‘
. ! %
(x+1)(x 2) = O ¥ !
(-1, 8 1/2) 4
x = -1, +2 -
(2, -5) |
f'(x) = 6x - 3 =0 e
6x = 3 2,46) 8™
x = 172 (172), 1 3/4) i
4™ .
f°(-1) = 6(-1) - 3 = -9 (x = -1 is a rel. max)

£(2) = 6(2) - 3 =9 (x=2 is a rel. min.)
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Another Example: F{x) = (x-1)(x)2/3 x | €0 | £ £°0)
undsf [rndaf.
o o What happens at (0,0)?
1) ! ° * *
x=0,y=0 (0,0) 3) inadmissable regions-hard to e |=3al] O + We can find out by seeing
y =0, x=0,1 (1,0) L M what happens around it.
_ - | 4+ (o] neo .
2) . 4) asymptotes - none s f ~ a) There is a rel. min. pt. on
symmetry - none ) =
Sl x > e, yrw the positive side {x = 2/5). Since
+ w00 b o —. -
X » Y . there are no max points on this side,
6) f! = . -1/3 2/3 -
(x) = {x-1)2/3(x) + ()23 © + the curve must come up to x=0.
= 2(x-1) 2/3 _
3(x)1/3 Prrm=o0 (0,0)-(f'(x) not defined ~ (We know that f(x) exists)
X at (0,0) - watch out!
2(x-1 b) There are no max or min point on the left side. But we know an
x=1) - 2/3
y )]/3 -X inflection point exists at (-1/5, -/274) with a positive slope. The
X
) curve must also rise from (y=0) to (y=0) from the left side.
x-2 = -3x
The last thing to find is the shape of the curve on the left side. Which
-2 = -5x
¢”\\ of the above curves at an inflection points is right? You can find
2/5 = x
(2/5, .326) need calculator out by find the concavity of points to the left and right of the
to fi
. -4/3 , nd  f(2/5) infl. pt. Try f"(-1) and §"(-1/10).
7) f(x) = (x=1)(-2/9(x)"Y yr2s3x 31y v 2730 V3
. To put the graph together.
- m2{x-1) v 2 2 ) :
9x /3 3x ;3 4,'
f7 (0) - undefined, £"(2/5) is + (rel. min.)
f"(X) = "Z(X-]) + 4 . ’
9x4/3 3()()‘!/3 ©
4/3
- _4(9x )
2x-2 = AL
x~2 " 73
2x-2 = 4(3x) » %
2x-2 = 12x
-2 = 10x
W5 = x (-1/s, .%{4) - inff. pt.

Calculator
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The following are only partial answers to the problems.

Only

the more difficult and necessary calculations are worked out. The
remaining information can be found in the graphs.

Mt et e e e - ] ]
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Exercise
Graph the following:
_ 2
1) f(x) = 2x° + x-1
iy
1)
2) f{x) = 5 - sz - Bx
3) f(x) = x6 and f(x) on separate graphs and compare
f1(0), £*(0), and the pictures at
these points.
2)
4) f(x) = 2/ x-x
5) fx) = x5 - 5x3
3)
6) f(x) = (x% +1)°
2
= X
7) fix) = =
4)
8) fix) = v x5+1

Answers on next page.

P

2

(Oh mai
9 L*1on) .3

)

£'(x) = 4x+) £(x) = 2x° + x-1
' ({x) = 4 = (2x-1)(x+1)

x = 1/2, -1, y=0
1 (x) = xC-8x-5 f(x)=x’-ax-5
f'(x) = 2x-4 = (x-5)(x+1)

f'(x) = 0 when x=5,-1

(o9
@." 9
fr(x) = =L -1
X

£(x) = -1/2(x)

x=0 is an endpoint because

inadmissable region is’

‘x <0

A%,
& A

7
f(x)-x6 f(x)ﬂx5
f'(0) =0 f'(0) =0
f*(0) =0 f*(0) =0

The slope at x=0 is horizontal
for both graphs. You need
more info. to identify the
behavior of the graph.

ﬂ
(‘ o)




GC-15

5) f'(x)
f'(x)

i
o
x

'
—
o
>

20x° - 30x -

There is symmetry about origing
therefore x=0 is an infl. pt.

6) () = 50720 = 6 at enigin
Fr(x) = 80x2(x2+1)3 + 10(x%+1)%
ADbCkr*c+v
Inadmissable region : y < 1
symmetry about y-axis
!
]
!
XNINX X0 !
7) fi(x) = —=—S5——(simplified) =0Oak L 3 _
(x=1) I
2x-2 mxm - 4x _
f'(x) = > - 3 (simplified) M
(x=1) (x-1) v
asymptote at x=1 |
x » 17 =5 f(x) » +o '
H
X+ 17 => f(x) » -= !
2
mv %.AXV = 3x ~\
2 xw+a
.m:AXv = 3x _ @Xh IM
(x3+1) 172 4 (x341)1/2

To find the shape of the curve, you need to find
concavity of points greater and less thah x=0. (a point
to the right and one to the left is enough)



