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INFINITE SERIES, CONVERGENCE

copyright (c) 1982 by Eric Klassen

Infinite Series I: Convergence and Divergence.

In section £ of this capsule you will find 22 problems {with
solutions worked out) concerning the convergence of infinite series.
So 1f you want to practice these techniques or test your current
understanding of them, you may want to turn directly to section E.

In sections A through D, we present a brief review of the most
important tests for convergence, and several examples. These should

prove helpful in solving most of the problems in section E.

A. Geometric Series

e e e

A geometric series is a series of the form
-

I ar! = atar+arie ...

i=0
This series diverges if |r| 2 1. [It converges if jr] < 1, in which

case

Example 1. The series 1-2+4o8+...+(—2)i*... diverges, because
frl =2 > 1.
Example 2. The series
1,1 P
R A R igb 2 (5)

= 4§, because r = % .

converges to i
-7

8. A Test Which Applies to All Series

Let Zl a, be any series. For there to be any possibility A
i= .

that ] a; converges, we must have Tim a, = 0. If this Timit
i=] jovoo '

o

does not exist, or exists but does not equal zero, then E 3y
i=1

diverges. This test is often easier to apply than the others, and

ts useful for weeding out the worst divergent series. However, it

cannot be used to prove convergence, only divergence. To sum up:

If lim a, does not exist or if

fom
-

lim a, ¢ 0, then I a, diverges.
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Example 3. Does the sertes i (442‘"_ n) converge of diverge?
n*l

.2-

Solution: We are given 3 = 4n20u -n.

2

Tim a_ = limanbn- n = lim(#ﬁf:;- ")LLl_ﬂLiﬂl

newo >0 neo A +n+n
= lim N . e —— =} 10
e anﬂl#n noe *;*l

so the series diverges.

c. positive Series
The following tests can be tried for any series all of whose

terms are positive.

1. integral Test.
Say we are given a series, I a,. Suppose 4, is given as some
i=1

function of i, a; = f(1), which is defined not only for integers,

but for all positive real numbers {. Finally, suppose f is a
positive, decreasing function. Then the series E a, and the
integral Im f(t)dt either both converge or bothi;:verge. Note that
the partic:lar jower limit of integration we choose makes no difference
in this test.

n n
n

n~18
~

Example 4.
n

Solution: The reader should check that the function f(x) = 55;1

is indeed positive and decreasing when x ¢ [3,»). So we compute:

) Eﬂiﬁ dt = [ tn t d(en t) = %(ln t)z
3 3 3

- Tim X((tn N 2-(en 1Y)

N+
which is infinite; so the integral, and thus the series, diverge.

2. The p-series.
Let p > 0 be a real number. Then the series

g 1
;o
n=1 nP

(a) converges if p > 1

(b) diverges if 0 - p < 1.
i 1 i
Thus |+ %* %* it (p = 1) diverges, while 1+ ;§0 ;70... (p = 2)

converges.

These facts are easily proven from the integral test.
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3. Ratio Test

Consider the series ] b, where b, >0 for all 1.

i=1

Suppose the limit

by41
L= Hm extsts {and s finite).
i

foe

Then §f L < 1, the series. converges. If L > 1, the series diverges.

If L =1, or {f the limit doesn't exist, then the ratio test doesn't

tell us whether the series converges.

gxample §. IO fr
n=0 "’

Solution:

b [ '
+1 n+l}! n! 1.
R L Ll s AL x> 3 rry S L B
n>o n new m new neo

So the ratio test tells us this series converges.

L Comparison Tests
We are still working only with positive series. Here are some

tests enabling us to deduce the convergence or divergence of one

series by comparing it to some other, more well understood, series.
L ] o«
{a) Let ‘21 a, and ‘Z‘ b‘ be two serfes, with 0 < a, < b, for
all {i. Then.
I a; diverges = I by diverges
while

b, converges == ] a, converges.
] 1

Remark 1. We can deduce nothing if we know only that J a,

converges, or that ] b, diverges.

Remark 2. Before applying this (or any other) test for convergence
we may, 1f we wish, drop any finite number of terms from the series,

since this does not alter the convergence or divergence of a series.

Solution: We showed in example 4 that | 20 n diverges. Since

for n = 2.,3,4,...,

Z
we deduce from the comparison test that i 1ﬂ~% diverges also.
n=2 n -3

Example 7. [ ——

-4- -
Solution: We know from the p-serifes that {, Jz converges. Since
n=1 n
~£—— < JZ for n* 1,2,3,...,
n“+] n

o
1
we deduce that | —y— converges as well.
n=1 n“+1

(b) Ratio Comparison Test

Let I 3, and {‘ b‘ be two positive series, and suppose
i=1 i=
the limit
*
L = 1im '™
fam T4

exists and is nonzero. Then the two series either both converge or
they both diverge. In other words, 1f we know one series converges

{or diverges), then so does the other.

D. Non-positive Series

We now consider series not 21) of whose terms are positive.

1. Alternating series. If the sign of the terms of a series
alternates between plus and minus, the series is called an

alternating series.

An alternating series converges if the following two conditions
are both satisfied:

(a) Iai+‘| < ]a1{ for all i
and (b) }1m a, = 0.
2. Absolute Convergence. Say | a, is a series not all of whose
terms are positive. If it is not alternating, or {f it alternates
but does not satisfy the conditions in _the previous paragyaph.
there is one more test to try. The series is said to be absolutely
convergent {f the positive series ; Ia‘l converges, Being positive,
this last series can be tested by the several methods given previously.
Finally, we use the fact that every absolutely convergent series
converges.
Remark: If we find that | la,l diverges, we cannot conclude that
[ ay diverges. For example, the series

]&%&%—4%#,,_

diverges while

converges by the alternating series paragraph,
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