- EXTONENTS AND INTEGERS AS [EXPONENTS

A product is the result of & mulciplicacion of two or mere terms called
ficters (i.s., 15'=3 % 5 or 60 = 3 x 4 x 5. When a product is composed of
several factors which are the same (i.e., 3 =3 x 3 or 64 = 4 x & x 4), there
43 a shorter zmeched of expressing that product. Instead of writing the one
factor over and over with multiplicacion signs (i.e., 4 x & x &), simply vrite
rhe repeated facror once and above ir, to the right, write the number of times
4r ts mulriplied (i.e., & X 4% 4 -'43). This shorcer expression is called

2 power. Im the exprassion, the factor is called the base and the nusber of

mulriplicacions 15 called the gxponent.
In general then...

if u and b ara positive sumbers, then in the expression b7
. .
b = E\f-z-f—f~x b Xe.ux b

o factors of b
n is the expoment
b is the base
E? ig :the 253 power of b

. th
or, b raised to the o

Numbers wrxittea as powers may be used directly im computation. There
are scme rules which may be followed when cultiplying and dividing powers
aad, as with all rules of computaticn, these may be shown o e true from

ehe definicicns of the terms involved. Ffollewing are the rules for mulzi-
plicaticn and division of powers and their verification from the definirion

cf powers given above.

1. When powers have che same base {involve the same factor), their product
and quotienc (the result of their divisfon) will alsg have that same base.
Ia mulciplicacion, che exponent in the product will be the sum of the ex=

ponents in each of the powers wnile in division, the exponent in the
quotient will be the difference of the exponent of the divisor power

(power divided by) fros the exponent of the dividend power (power divided

inea).
Example 1 -~ Multiplication

23 ® Z5 (base: 2, product exponent; sum of 3 and 5)

Z3 < 25 - 23+S - 28
in gene:al...bn x b‘ - bn+k '

It éau easily be seen how these rules follow ¢rom the definicion of a power...

1
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Example 2 = Division.

47/43 (base: &, quotient exponent: differznce of 7 mious 3)
a7/L3 - a7v3 -5t

1a gemeral...s%/u = pk

23 means 2 x 2 x 2 and 25 means 2 x 2 x 2 X 2 x 2 so that 23 x Zs'means
(2x2=x2)x% (2x2=x2x2% 2).
Tollowing the rules for multiplicacion, the above product equals

2x2x2x2% 2x2x2%2, which can be written a3 the power, 27,

. . 7,,3
67 geans 4 x 4 x x4 X 4 x 4% x 6 and 63 weans 4 x 4 x & so that IS

peans & x 4 x & X G b e b x b

P X & X9
4 x b6 x4
Following the rulas for canceling in division, the above quetient equals

4
4x 4 x b xb, which written as a power is 4 .

These rules are shown only in speciflc exanples; hewever, the same line
of reasoning may be used to show that chese rules apply in all cases.

When powers have che same exponent, cheir product and quocient will have
thar same exponent. In multiplicaticn, the base in the product will be
the product of the bases of the powers, while in divisionm, the base of
the quetient will bae the quotilent of the bases of the powers-

gxample 1 - Mulriplication

23 x 33 (expenent? 3, product base: preduct of 2 and 3)

23133-(213)3-63

in general...bn xd = (bx ot
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Exazple 2 ~ Division

4 .
S0 /56 (exponent: &4, quotient base: quatient of 50 and 5)
50%/5% = (s0/5)* = 10*

in ganezal...bn/dn = /D7

4gain, these rules follow from the definitican of a power.

L

2)

23 ceans 2 X 2 x 2 and 33 means 3 x 3 x 3 so that 23 x 33 seans
(2x2x2) x(3=x3x 3.

Following che rules of mulriplication, this 22y be rewrittea Z x 2 x 2 X
3x 3 x 3 and vearranged zo 2 x 3 x 2x 3% 2% 3 (in cultiplicacion che
order of mulriplyizg is not important). This last product may be written
(2x N x (2x3)x(2x 3) which wricten as a power is (2 x 3)3 or 63.

4 s 4, b
50° means SO0 x 50 x 50 x 50 and 5 means Sx 5% 5 x5 so that S0 & 3
means 50 x SO x 50 x 3C. Following the rules for aultiplication within

5x5%x5x$ :
so 50 _ 50

a division, this may be rewritten %Q % g— x 3— % g“wﬁich written as a

& 4
power is (50/5) or 10

When a power is raised Co an exponent, the base in the resulting power is

the same as the base of the base power. The exponent in the resulting power
T is S a

the product of the exponent of the base power and the expouent o which

that power is raised.

Example: Power to a pover

7
¢
in

4,3
37 (base of base pover: 7, resulting expogent: product of 4 and 3)

&)3 - 74x3 - 712

geueral...(bn)& - bnk

frem the definition of a power...

74
(7

means 7 x 7 x 7 x 7 and (76)3 means
x7x7x7 x(Tx7x7x Y x(7Tx7x7x7) following the rules

for multiplication, this equals 7 x 7 x 7 x 7x7x?7x7 x7x7x7x7x7

which can be written as & power 71{.

e

NEGATIVE EXPONENIS

A) When you write the divisien 23/25, what this means from che definition.
of powers 1is 2% 2x2 .
2x2x2x2x2

Using the rules of diyisicn, it is possible co cancel out scwe of the
rwa's (f.e., 3% ¢ X 2 ). :

f < ; % % x 2% 2

After canceling this expressiop, it now equals l/@ x Z)uhich could be
written 1/24. .

B) Following the rules for division with like bases 23/25 would give che
solutien 277 or 2-2,

civce both of the above nethods of solving the divisions give groper
golutions_£fos the divisiecn 23/25, their answers must be equal (L.e.,
1/22 = 27°). From this we get a dafiniticn for powers which have
negative exponents...

A base raised to a negative exponent is equal to one over that sane
base raised te the positive form of that exponent.
Ay
-1y

TGS
in general...b TR R b...0

T

n factors of B

*KOTE*

powers of negative exponents follow the same rules of computation given ibove.

powers with negative exponents are 1oL mezarive numbers...They are fracticaal

expressions with powers as nulerators.

zero as an Ixponent

It can be seen from rhe division rules for powers with 1ile bases that
powars have lilke bases and like expongnts, cheir suotient will give us
raised to a zero exponent (L.e., 57/5° = 533 = 50y,

We know already that powers with like bases and exponents are equal (53 -

and also that when scmeching is divided Dby irs equal, the result is alwavs

one (53/53 = 1). .

Since both of the above Shcw correct soluticns of the division 53/53, rhel
cas

answers must be egual (s = 1). Further, it will be found that in all
where a base is raised to a zere exponenc, the power equals one.

in genc:al...bo = 1

-
T

cs

—
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In Summary

The above has been an introduction to the meaning and use of incegeré
as exponeats. Since {nregers are all positive or negative whole aumbers
3?4 zero, you should be able to use any power with positive or negative
whole nuzber or zeru exponeats in computaticn. The following are intended

for practice in this.

#NOTE*  In the problems oF in the explanaticns above, no 1imitations are
put cn the cypes of bases that may be used (i.e., letters, nuznbers
_or symbols) or the number of combirations of operations that may bé
perforued. Examp{es of scme possible problems are given below.

. 1) < . <2 . % - x7+3+5 - x5

Sz
£x.2) xn - xSn-n - x&n
z

£x. 3) (ab) ‘(az‘o3) - abale® = 2albb® = (a-a%) (b-b2) =
RN

ex. &) GEpY = @D .
(y) y
2.3
4"y 4 2 3
Ex. 5) - IS S S S RN A-L 2
e, 53 72 x ey e

Uz .- 1x - YL = g

-

The Significance of Ten as a Gemuen gasc- (Scientific Notation)

10 may be raised to integral exponents and used in
when used as a base for a power, has SpeT
mal number sysfeR

As any number,
ecompuration. The number Cel,
eial significance since our number syste= is a deci

(based on the povars of ten).
For example:
ike 732.54. The posizion of each digit

ple of the digic. Hundreds,
powers of ’

Take any wany digit number 1
signifies 2 different power of ten as a mulel
zens, oO0es, renths and hundreths places are names based on the
102, 10%, 100, 10~} and 10'2. The uuzber 732.54 way thea he rewritten

7x102+3x101+2x10°+5x10‘1+Ax10'2

wsing powers of ten and the digit locaticn {n the original auzbers.

This process of wriring cut & aumber using the powers of 10 seaems

case of the auzber 732.54, but 1et's take another many

cumbersome in the
Using the power of ten form LO write this

digit number 1i%e 7,000,000.
wunber we get 7 x 109, which is5 certa
1ion out with all the zerces.

mile

inly shorter chan wricing seven 342

Sowetimes writing 2 aumber out in power of tea form can pe used In a
wodified manner. For instance, the number 73,000,000 could be written a3 -
7 x 10/ + 3 + 10%, but it could-alse be vritten ia the simpler forms 7.3 x 10
or 73 % 109 In this case 2 modified. version of writing the qumber im power of
cen form is the simplesc.

‘ id in using the power of tea form of writing a number,

In order CoO &
the power of ten associated with a digic location in a number musC be kncwm.

This is shown pelow for the example number 852,3&7.619587

power of 10
asscciasted with
the place of erc.

igit 5 4 3 j/ 1 [¢] -1 =2 -3 -4 -? ) ett.
I I R R Rt
N"w"e 852,347.619537
umber

Following this 1ine of reasoning, the number .083 can be wrigten as
63 x 1077 or 6.3 x 162 depending on ghich place digit you intend *to use

as a reference.
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grandard Number Form (SNF or Sciencific Noration)

In science, eccnomics or many places where large quancities of numbers

of varying magnitudes are often encountered, the power of ten form of ex~

pressing numbers is preferred for speed, accuracy and form. The convention

o)
thelr number part (non power of tenm part) possessing gne digic to the left
of the decizmal soint. (i.e., 7300 = 7.3 % 10% and .0051 = 5.1 x 107°).

(agreed form) for these power of 10 numbers is that they be written with

Wo:king With SYF ‘
Powers of ten are calculated as any povers wirh 1like bases (i.e.,

. 10% x 10 - 108 or 105/10° = 1072). _Standard Number Form pumbers contain
a oumber part (with ome digit to the left of the decimal) and a power of
ten parc. When computicg with these numbers, scme basic rules must be
follewed to avold scme common mistakes.

1. Mulriplying and Dividin

Since a SWF pumber 1s simply & h:oduc:, the product or quotient of SNF

mumbers may be separated follewing che rules of multiplication and divi-

sicn. The separation should eccur in such a way as to segregace all
powers of tem from all number paits.

Example 1 (3.2 x 10%) x (4.5 x 103 = 3.2x10% x 4.5 x 1070 =
2.2 % 6.5 % 10° x 1070 = (3.2 % 4.5) x (10° x 1070)

Using rules for multiplying powers, this equals (3.2 x 4.3)

3_3.2x10% 3.2 10°

Example 2 (3.2 x 10%) # 4.5 x 107 —, = =
' 405 x 10

7 x =
3 4.5 10 3

Using rules for dividing powers, this equals 3.2 107
4.5

II. Addiricn and Subtraction

Since powers are only special types of preoducts, there is no shorthand
4ay to add or subrracet rhem. For instance, 102 + 103 i{s the same as
100 + 1000 which equals 1100 (or 1.1 x 10%, ot 11 x 104). There is no
rule to follow for addirion and subtraction 2s there is for multiplica-

tion and division.

x 107,

To make addirioca and subrraction of SNF oumber easier (not writing

3

all out as standard aumbers), the numbers may be converced to'have
the same power of tem. Once this is done, the nusmber pactt way be

added or subrraccted and the result will have the same pover cf ten
as the numbers which were added or subtracted.

Example 1) 5.31 x 10° + 6.42 % 10*

convert to: 5.31 x 10° + 66.2 x 103
add number parts: 3.3L 4 64.2 = 69.31

resulrc: 69.51 x% lO3

Evample 2) 6.24 x 1077 = 5.43 x 107
' convert to: 6.26 % 1077 - 0543 x 1072
subtract number parts: 6.24 - .0543 = 6.1857
res;lt: 6.,1857 % 10_2

Practice may be neede
changing a number frem one power of 10U into anocher power of 10.

Below are scme rules to follow:

To convert a number inte SNF, firsc identify the place occupied by the
T

digit which will be ta che left of the decimal point ia the nunber.

ber of this placa from the list on page & (pover of 10), will be the power
of ten of this SNF number.

Example 1) 52000 the aumber will be 5.2
The § occupies the fourth place in power of ten

SNF is 5.2 x 10%...

_ Example 2) .000057 the aumber will be 5.7

50 occupies the -5 place in power of ten .

SNF 4s 5.7 x 107

When converting & number from one pover of ten to another, calculate
are con-

the difference bertwcen the exponents on tie two powers. LI you
verting from a_larger DOWer s a swmaller oower of ten, simply shifc cthe

& in cenverting numbers into sciencific notation or
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decinal poinmz to the rieht (mzking the numbar larger) the number of places
represented by the Gifference beCween The exponants. if you are convertinz
from a soaller sower €O 2 tarzer. souver of cen, shift the decimal point £o -
the left {(making thz number ccaller) the number of places rapresanted by

the difference between the exponents. ’

Example 1) 5.23 % 104 convert to ‘.02 number

‘D:L'Eferc::ce: 4-2 = 2, larger to smaller the number 1s 523. x 102

Example 2) 78.41 x 10-7 convert to 10'5 guanber
pifferance (=3} < {~7) = 2, smaller to larger the number is

7861 x 1070

1.

12.

Problem Set I -

nents and Powers of 10

write the following mumbers in standand number form, (S.H.F.)

{a) 420,000,000 (b) 20,006 (c) .0072
() .51 x 10° (e) 3.6 millicn (£} 225 million biliicn

It has been estimated that the average abmdance_of radium in thtz'e;zr'-:h's
crust is about one part per million millicn. Write one million millicn
in standard number form.

Change to nen-expenential values:

(a) 1.85 x 10° () .003 x 107 (e) 682 % 107

«3 “ °
¢ay .003 x 10 (e) 5.32 x 10 (£) (4.24)

The dizmeter of a hydrogen molecule is 5.8 % 1078 centimeters. If we
placed 100 million of them in & IO, just touching, Dow many millimeters

Jong would the roW be?
10 mm. 1 cm., <

1 mm. = /10 ¢

We Joow that 107T is equal to 0.1

Show that yL s not equal to 0.%

. - a -
fvaluste: 3T x 3%+ 3 8 xo’
3 3
Evaluate: a0)~(4)
&0®
° .
Simplify, expressing (a) f(a bzc°)3 (b) c:4b?cs
your answer with &ubsc-a

positive exponents.
Evaluate: 32 x 25 Is there any special rule for this situation?
Give answers in S.N.F.

.z -8 -
(a) (Lt x 1077 (2.8 % ) ) (8.4 x 107 ¢ (L2x 107D

40 . -
(@ 3.0x10 @ 107 x20° x 20"
2.0 x 10%° : 107 % 10

Tf the mass of an electron is about 9 % 10'28 grems, and the mass of a

proton is about 1.62 X 30~ grams, about how many times the mass of an
electron is the mass of a proton?

Using powers of 10, find the value of (.0016)3’. and write your answer in
standard number form. .



Preblem Set I - Page (2)

13. In this problem, the sequence of digits in the enswer is given, but the
decimal point has not been placed. Using powers of 10, and the rules of
expanents, place the decimal point, writing your answer in S.N.F.

(a) 30,000,000 x 000012 = 2 % 10? -5 5.7
§G00,000 x 0002 (c) (3..1 x 1077y . (1.0x 10 )
- el
() 160.000 x .0002 x 120 = 1 x 107 z 3.1 x 10°
556 % 30,060 x 00032
16, Add: (@) 5.62 x 1070 + 3.17 x 107°
) 6.3 x 1072 + 520 x 107>+ .0028
15. Which of the follaowing is the largest mumber?
X 32
(@) ¢1000y*° (b} One billion, raised (o) (100)*% () 10

to the thind power
Sugpestion: write each as a power of 10, and compare.
16. Given the conversion units: 1 micron = 10'_1‘ cn., 1 millimicren = 10_7cm.,

ard 1 angstrom = 107° ana,

(2) Bow many millimicrons ave there in 1 micren?
(b) How many angstroms are there in 1 micron?

17. Write ea+b1 as the product of two literal nurbers (letters).
7 "k
Hint: e’ x e’ will give the above results?

M 2
18, (.02 X 1079202 % 1052 =1 x10°

19. The disteter of a particle is 14 x 1073 cm. Assuming the particle to be
spherical, find its volume. (S.N.F.)

vezu/a oo Use = 22/7

20. In multiplying two decimal mumbers, the no. of places to the right of the
decimal point in the product is the sum of the no. of places 1o the right
of the decimal point in the two factors.’ Using the illustraticn 1.576 %
2,32, chow the reason far the rule.

2l

1. Solve fora: (@) 423 =ey () 37 =1 (@) Hx 10% = 004 x 207
8l .

22. Written down the largest number which can be written with just 3 digits
and no other symbols. (The answer is not 9g9!)

23. At exactly 2 o'clock, T bacteria are placed in a growing medium.  Cne

minute later there are fou vacteria, in another mirute they have iz:x-
ing muss of bacteria

credsed to 8, etc. AU exactly 3 o'clock the ; D
measures 1 gallen. At what time was there one pint of bacteria?

(The answer is rot 2:075)

e



