Current Topics In First Semester Calculus

E ntials, logarithms, integration by substitution) integratien by Jubstitution

A_Word ahout [ntegration. Integration is a fundamentally more difficult

Points to Watch on Exponentials and Logs : problem than differentiation. It 1s easy to check by differentiation)
but finding the right substitution or transformation involves “educated
Basic Properties; (1) aX - a¥ = aX*y (2) @Y =aXY guessing” and a willingness to “try it and see.” Many innocent-looking
. functions have no antiderIvative formula. The dassic example ts 6%,
(3) log0x) + log(y) = logbxy)  (4) log(x®) = y +1og0x) This means it is highly adventurous to write down an equation and
(5) loga(x) = Qog(x))/log@) , try to integrate it. It may not be possible! But see the study tip
Notation: log means log o, or general log (doesn't matter what Oelow) for »n instructive way to generate problems that will work,
‘ ' ’ together with their solutions.
base)
In means loge o Basic [dea; Substitute expressions to change an integral from one you dont
Graphs: o a>1 know Into one you do know!
o / foa ) General Pattern; Given [,,.,t(g(x))-g'(x)(dﬂ,letum(:d,du =g OXNdX)
P -3 ~— ‘:""‘1 ‘ Then [f(uXdu) = P(u)he.s = PEOO) , where P 1S the antiderivative of f
[} & N x
‘ ‘ Bxamples: (2): JoosOVSINOK(X). Let u = stn(x), du = cosOXdx).
C&ENHS_ELMQQ (d/dx)eX = eX; pote; fy-= eXtheny' sy Then I’/\;(d\l) - Iu 1/3(du) = (2/3””’ s (2/3)(5"'0(»3/3*‘
:
d/ax) In(x) = 1/x and [(1/t)(dt) = In(x)
@ I ®: [x¥exdx) - (1/74) [ - 03(dx). Letu = x4 du = 4x3dx)

5o [(1/(cabin)XdXcabin) = In(cabtn) « ¢ = natural log cabin ¢ ¢ = houseboat
Then (1/4) [eX*- 4x3(@0) = (1/4) [el(du) = (1/4%= (1/4%% ¢

{mportance; Imagine doing algebra without the manipulations possible Study tip; Write down a function which requires the chain rule to
thanks to: the additive identity (0); the multiplicative identity (1) differentiate it. Differentiate It, simpiify, and then try to find the

substitution (y = x). Similarly, calculus needs eX antiderivative. 1t will require a substitution.

eg ¥ = (5ING)3 = y= 3sin2(x)oos(x). Now consider [ 3sin(x)oos(xXdx)

We can use the above preperties to simplify differentiation, eg.
&letu = sinfx), du = cos(XXdx). So [u¥(du)= 3u¥/3 = ud=(stn0)3 + ¢

y s InX32x2 + 3)7) =y = 2 (ught) BUT...

y=5inCa) ¢ AnE@x2 + 3) =» y* = (5/) « (7/ (2x2 + 3)) - 4x (easy') Careful study of examples you make up like this will make you an
expert at spotting substitutions that will work!

-



Woitkshop Pioblems

(1) [2sintx)astxXdx) (2) JuanX)/(co?x)Xdx)

Q) !l:a- 13« x¥(dx) «). I (3% ¢ 1)/(3x2 ¢ 2x ¢ 1)5)dx)
) |5 smerax00 (6) [(1/5)n5(dx)

(1) [ VasinGa) + el (- 3c0e(x) ¢ sin(x)/ INdx)

® o2 (9 3T R

(10) [dr/cos?0) (1) Jox-Yi-xidn)

Find inves3e functions for Whe foliowing (f 1 extsts):

(DI60ex3-1 (10D 1/(x3e 1) (3) 1(x) = 3/(%-1)
@100:000 () 16D S0 (6)16ISK)  (7) 1K) g%y

Find derivatives for the following:

(1) ((x)eu¥ (@) 100s68X  (3) f(x)s 00N 10N
(4) 100109 (5) 10c)-0®  (6) f0x)elnx (DO -Inthan(x)
(8) 100)e It ¢ 1) (D FO0) et /(1 +x?)

\
.' t 'ﬂ(l)
Use Unese graphss o skelch he following, =}~ —— .

(D 100sa %1 () 100=10(1/X) (D I0)=IL-X) (410X = In(2x)

Woid Problem * |: Apnp\uamnglowuum"hdﬂpi year. How many yeass does
§ take for the population (o double?

Waid Probiem *2: The half ife of plutonium s 24000 years. Wiille an expiession fol e
amount of plutonium semaining from an initial 10 kg mess.

Suppiameniary Piohiems (Salve before the (inall)

0 [ ®bosoxa) ) [N )amndxna (3 @/axy10%)

() [W*™/cos?uian) (5) [sintx)/cosxddx)  (6)/axjx®)

M@/dyesdx)  (g)@/dxged SX)  (g) [ag-51n2%cos(xNdx)

(10) 105% « X (ind k) (11) Idydec-log oy UIndc)  (12)}d/dx)og 0%

D 00D 9 (14 1N ) (15)iC1+22)+ 1 eina)
Uind a)



ANSWERS To WeRkshop PRoBiEMS
(Du=sin(x),du=cos(x)(@x)= [2sin(xXos(x)(ax)=2 [sin(x)os(x)dx)
=2 [u(du) = 2-u?/2 = sin?x+c
(2) u=tan(x)du=sec2(x)(dx)= 1/cos(x)(dx)= [tan30r)(dx)/ cos3(x)
= [uXau)=u4/4= (tan“k//a)*c
(3) usx3e1 du-y’(u)-j O3+ 1)3 332(dx) j",:,pscdu)-(u‘ilé)lx. .
=030 18/4) = (24/9)-0=4
(4) u=3x2+2x%+ 1,Aun(632)(A)= [((3%+ 1)/ (3224 15)@%) =(1/ 2) [ /uHdw)
-(1/2)Ju 5(au) = (1/2)u"4/-4 = <(1/8)(3X 242X+ 174+
o |- #¥sin(8/2)d8) = 0 by inspection...hmmmn..that's odd
(6) [(1/5In5(@x)=0nS/5) [dx= AnS/5)-x ¢
(7) u=4sin(x) « cos(x),du = (4cos(x)-sin(x))(Ax) =
[ VARG +cos00 - (-220(X)+SIn0:)/ 2Xdy) == 4 [ VU (du)=-§ [ul/2(du)
x-4:(2/3)-ud/2 = -(1/3)(4sin(x)+cosOd) +c
) usxz.du=2x(dx)ajxe'xzcdx) s (1/2)]e-x2 «2x(dx) =(1/2) [~ (du)

- (1/2)e‘u-(1/2)e'>12‘=, OR = 0, by inspection,on a symmetric interva:!

(9) u=1+x3du=32(dx)= [2(Ax)/ JTox3=(1/ 3 [@uw)/ul/2=(2/3ni/2
=(2/3)01ex) /2« ¢

(10) u=2t,du=2(dt)= j(dt)/cosﬁ(zt)-(ll 2) [sec 2u(du)=(1/2)anfu)=(1/22nC)+c

(1Dusl-ymx=1-udus-(d: )-tj‘z vi- )\d} )"I(I'L)'d"s(\.u)
2-(3/4N9/3+(3/ :)u"lss-(3/4\(1-x)4/30(3/7)( 1-x)/3+c

(1) f-1x)exsts: :f=y3-l-ty-~/xol = £-10) (2) f-1(x)does notexst

(3) frix)exasts:X= 1/ (y- 1) mxy-X= 1my={1+X)/X=f"1(X)

(4) f-10x)=e™ (5X¢-1(x)doesnotexast  (6) f-10x)exasts;x=InSy=
eXaSymys(1/5)eRaf-1() (7) f-i(X)aists, Xee Yo lm
¥-1zeYain(o- e -ymy=-Inx- )= 10X

(1) X (2) kekx (3) In10-e0n10)X (4) 1n10-eUN10MX (5 &2.2x (6) 1/x

(7) (1/tan(x)-sec200)  (8) (1/0x%+ 1)-2x
(&) £ InG)-In{ 1+ x2) mf*()={1/%)- (2%)/(1+38)
WP#1: 1.05t=2mt.In{1.05)=!n2=$=(n2)/In(1.05) WP#2: M=10{1/2)t/24900
(1) u=smi0x),Gu=cosB)(dx) = [ernOosx)dx)= [edidu)=et=e:c
(2) us=tan(x),du =5ec200)(dx) = (1+1arP())(ds)= [e2nXX 1 «tan2(x)}(dx)
" Je ud)=eVzetnXlec
(3) Gn10X(10%  (4) ustan(x)du=secdv(dy)= 1/coR(dx)m= [(ean0h fcos2x(Ex)
= [eu(du)=eu=enXec
(S=cos () du = -sin(x)(d>:)= [ (sin(x)/cos(x))(dx)= - [C1/u)@u)= -InCu)= -Incos(x)
=In{1/cos(x))=In(sec(x))+¢ potesin(x)/cos(x)=tan(x)so thisis [tan(xXdx)
(6) (d/8x)(% )= (d/ )Nz XINX(1-Inxex - (1/XPe X1 «InX)ax X () - XX
(7) eSn2X.251n(x)-cos(x)  (8) eINSIN(X)xelNSIN2Xeg1n2x, 50 £1(x)= 25t (X)eas(x)
() u=sinG:),du=cost:Xdx)mfen=n [e-UZ(dy)mimpessitle!
(10)kxin 10=xin(e)=} «(nfe))/In10=1/1n10
(11)Let y=e¥from above. ¢-kx=X=¢-k=1.k=1/In10 (from abovelso ¢=ini1()
(12) log ;o =Inx)/In(10)m(d/dxdiog ox=1/(x-In(10)) (13) ;nd>2)
(14) cos0) (15) eln(1422)se14In(@) w12 220NV w 1 22228 w2 = 1(e-2)






