FAMOUS SERIES

(converges if [x| < 1)

a) Geometric Series 1+x+ xax34...
(diverges if |x| > 1)

NOTE: sum is 1/(1 - x) for |x| <1

b) P - Series 2 -1-; (diverges forp S 1)
n

c) Harmonic Series 1 4% +%— +-} .. (diverges)

d) Alternating Harmonic Series 1- %— + -;— --l- +-15— -... (converges)

2 3 4
8) e = 1+x+5— +-’f—+.’.(_,
20 3 4l

x3 xs x7
1)5m(x)-x--5-l-+-gl---ﬁ+ ee
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X x < !
h) In{1 +x) = X~ ¢+ 37 +..

3 L 7
X X

-f b4
‘ - - om— ——— w c—
) tan (x) = x 3+5 7+..f

Notes:
olg: %= cos(ix) ~isin(ix) wherei= ay
h.d: x=1 in h) yields d) so the sum of the ARL. Harm. Series is In(1+1)=in2

hc: inu;rmally. x = -1 makes h) blow up {In 0) in accordance with what we know about
c

b,c: c) is a special case of b) withp = 1
a: sumof a)is 1/(1-x)for x| <1

h,a: h) may be found by integrating ) with x=-t: ITJ(T)' dt= -1-1:‘- dt= Il -mz- s

i,a: ) may be found by integrating a) with x-tzz tan'x = I’li dt= J1 Lot s ¢
1+

Useful Limits

a) fim (1+h)" = ©
h-+0
| 1.0
b) im (1 #=) =@
Timpoe n

c) fim(

i

1 4%-)" - o' note: ) is a special case of d) with x = -1

dim(+3) =€
n n

mprs

o) uml; =0ilp>0

Nt N

o [=0iflx <1
f) im x° {diverges it x| > 1
Mt

n
g9) imX =0 forall x
Neboe n!

h) imx" = 1 forx>0

N~

i) imn'" = 1
Npon

j) im(a,+b) = ima, +limb, (Imﬁofasumisthdwmoﬂhﬂmits)
[ and o od flmpoe

k) fim (a, b,) = (im a")(ﬁm b,) (limitof a product is the product of the fimits)
fitee [ fpee .

ima
a . n ) .
i) Im -6-"- = '-——-«——'|imb (denom. = 0) (fimit of a quotient is the quotient of the limits)
Nepon . n
[

m) “Flyswatter Theorem™: Ha, sb <¢, andima =limc, = L
[ e d [ e

then imb, = L

g

0 if degree of denominator larger

n) ratios of polynomials tend to
. diverge il degree of numerator larger

B x—pee

{tha ratio of leading coefficients if of same degree




Useful Inequalities

a) [sin{x)] s 1
b) jescix)j2 1
¢) |cosix)] s 1
.d) [secix)] 2 1
" e) Isin(x)] < tan(x)i
D n2st1 s (net)
*eventually” g) Inn>1
h) Inn<nk foranyk>0
i) n>1 () Don'tforget this when using TD

« Often the hardest part of showing convergence or divergence of a series is the
indecision: What do | believe it does? After all, if you try to show a series
converges when it actually diverges, you'll have difficulty!

« The limits of the last section can help a lot with the Test for Divergence. Together
with inequalities you can often get an idea of what to try to show. if the individual
terms of the series "look like” n3/n4 as n — =, then the series “looks like” 1/n and so

you want to show it diverges.

« Many limits boil down to “look like" ratios of polynomials after stripping out trig
functions using the inequalities above.

« h) leads to the peculiar rule of thumb that in ratios In n "looks like" 1 since any
positive power of n will dominate it. For example, when you see

b s

Inn , 1 .
Z-;;— » think 27‘; to see that it converges.

Show it carefully by using In n < Vn, “eventually”

inn Zﬂ Z 1 .
So Z“;‘i‘ < < - -;53 , a convergent p-series

New Series From Old

if you have a series expression, you can instantly create new, interesling series using
all the techniques you have to create new functions from old familiar ones.

Multiply it
Bofore: 1+ X +x24X3 4 ... w 1/(1~x)

v

After: a +ax +ax2 + ax3+.. (muit.tbya) = a(l/(1~x)) = a/(l=x)
Substitute an expression forx; ( e.g. let x = -12)
Before: 1 +x+x2+X3 4+ ... ’ = 1/(1=x)

Atter: 1-12 +t4-164 . =1/(1 +19)

Multiply by 2 power of x; (e.g. x%)

Before: 1+x+x2+X3 +... = 1/t X)
Atter: x2 +x3 4 x3 420+ ., = x2/(1 - x)
Before: fomx 4 x2=x3 4 x4 - L. = 1/(1+X)
x2 xz x‘ 1
Aler: =g+ -5---:4.... = jmdx =.In|t +x]
Dift . £ —
Before: 1 sxex2exds ... = 1/{1-x%)
2 .3 d 1 2 -1

After: 1 L rhdraes o X) m —

or: 0+ 1 4+2x+3x +4x + o T x = (1-x) 3



Review of Comerpence Tests

NAME

STATEMENT

COMMENTS

Divergence
test

If lim u, # 0, then > w, diverges.

Reom

If .‘5‘. 4, =0, z v,
may or may not
converge.

——— -

Review of Converpence Tests {Continned) '

Integral
test

Let S u, be a series with positive
terms and let f{x) be the function
that results when & is replaced by x in
the formula for u,. If fis decreasing
and continuous for x > |, then

Su and ] * fixydx
k=1 3

both converge or both diverge.

Use this test when f(x)
is easy 10 integrate.

Comparison
test

Let S a, and 3y b, be series with
positive terms such that

a, < b0, < by 0y S by
If 5 b, converges, then 3 a, con-
verges; and if ) g, diverges, then
S, b, diverges.

Use this test as a last
resart. Other tests are
ofien easicr to apply.

Ratio
test

Let 3 u, be a series with positive
terms and suppose )

L/ VY
l‘:‘z‘. u,‘ =9
(a) Series converges if p < 1.
(b) Series diverpes il p > V or
p = 4o,

(¢} No conclmion ifp = 1.

Try this test when 8
involves factorials ef
kih powers.

TMeTg !

NAME STATEMENT COMMENTS
Let S w, be a series with positive
terms such that
p=lim Vu,
::t Caeee Try this test when »,
(a) Series converges if p < involves kth powers.
(b) Series diverges if p>1 or
p= 4.
(c) No conclusion if p = 1.
Lct“g a, and }_'hb:hb‘e series with | . o o osier to apply
Limit positive terms such (O than the comparison
comparison lim 2 test, but still requires
test P= 100, some skill in choosing
. i b, for
If 0< p< +w, then both series the series 3 by
. comparison.
converge or both diverge.
The series
d,—a,-’-u,-a.-{- b
Alternating and
series This test applies only
test —ay +a; =03+ 84— to alternating series.
converge if .
(a) a,28,28y2 - '
() lima, =0
Retm
Let S u, be a series with ponzero
terms such that
Ratio |
test p = lim =1 The series need not
[ 2244 |u.‘ e,
for have positive terms and
absolute (a) Series converges absolutely if | need not be alternating
convergence p< L to use this test.
(b) Series diverges it p>1 or
p = 4.
(¢) No conclusion if p = 1.




Infinite Series Workshop Fact Sheet

e
Geometric Serles; With ¢ aconstant, § cxs = ¢/(1-x) Hfandonly if b < 1.
Otherwise, it diverges. nee

p-series: With ¢ aconstant, } ¢/n® divergesforp & |,

Test for Divergence: (TD) [ 8, divergesif !iM a, ¢ 0. Another way of

saying this Is: 1f | a, converges, then 1M a, < 0. It does not say that if
lma, « 0 then L a, converges,

Integral Test: (IT) If f is & continuous function that Is positive and decreasing for
x3 1,and f(n) = a, {forn = l,2,3,...), then

): 8, CONVerges ]" 1(x)dx converges
nmqy

Basic Comparison Test: (BCT) Lot ¥ a,and ¥ b, be two series such that
O4ag &by for large n. Then
¥ b, converges = I a, converges, and ¥ a, diverges = I b,
diverges.

Limit Comparison Test: (LCT) Suppose § a, and | b, are positive series and
that i (a,/by) = L.
1. I L > 0(and L » o), then {f either series converges (diverges), then so
does the other (i.e. they do the same thing).
2. I L = 0, then if | b, converges, then so does } 8, ;i | a, diverges, so
does § b,
3. I L = oo, then if ¥ a, converges, then so does | by ; if [ bydiverges,
80 does § a,.

Ratio Test: (RAT) For a series [ s, lot p « i (a, 4l/la,)); then
p < 1 » ] a, converges absolutely

p> 1 =Y a,diverges
p = 1 = tost fails to distinguish

Root Test: (ROOT) For a sertes [ a,, tet p = im ViaT ; then
p < 1 = T a, converges absolutely
p> 1 =] a,diverges

p =1 = testfails

Alternating Series Test: (AST) [( 1)=-1a, converges if the sequence
8)82y,.. decreases to the ﬂmlt 0

Series Workshop Practice Sheet
(Covers Gillett 12.2 - 12.6)

part.L: Find the sum of the following gertes, If they converge:
a0 [ od
1.Ten 2. L/3n 3 Zm(n/mi) 4 {;(2/3)"

neo nel Wy

5. ‘}?2/(2:\ +1X2n+3)

net

part [ Determine whether the following infinite series converge or diverge and
stats which test you are using.

1. T 4/20 2 fet/mp 3 L5/n 4 Los™/nd

5. T 1//n2-2 6. [ 3/n2/3 7.Ln2/2n 8. LneN

9. T 2/(/n+1) 10. cfeos(nn)/n 11. £n/intn) 12. § 1/v/n1s2

net

13. of -1p/vni-1 14. ¥ Gsintn/30
ne=2 .

15. Lin(m)/n  16. [ 1/¥0%-2  17. T (3n%+ 5n3+2)/(n2- 1)n2+ 1)
o0 ) ’

18. ¥ (1/2 + 1/np
L8]

part 111; Find all values of X for which the following series converge:

1. ¥ x-2/n2 2. L xan-1/(2n-1)}



Solutions to Series Practice Sheet
Part I:

1. Ze-n -Z(l/e)ﬂ- 1/(1-1/e) =e/{e-1) (geometric serles)

h.o n=oO

2. { (n/3)ms In/3> 1,80 wrlos Is divergent geometric series.
n:l

3 Z’ln (n/n+l) « Zln(n) infns+1), 80
S «0-1n2 +1n2 - In3 +In3 - In4 + _+in(n) - In(n+ 1),
Thus Mim s, « M -1n(ne 1) « -o0, 50 serles diverges.

4, ;(2/3)“- “le Z(Z/.”‘ b e (1/(1-(2/3))) e -143 w2,
T @r3misa Feometric sertes with [2/3] < 1),

u-o

5. [‘2/(2nol)(2n03) - Z (17Q2n+1))-(1/(2n+3)) (partial fractions), so
&= (173) - (175 STiys) - 1N+ /D - (/2o -

(1/(2n4+3)) = (173)-(1/(2n+3)). So zzuznn)(z:us) - lims . 1/3

Part II: (There are often severat ways to do these, but there is always onty one
angwer.)

L. L4/ = T 41720 a convetrgent geometric series.

2. (1 1/00 divergeaby T0.since lim (4 1 o [NoTe:
N> oo( A) >14 TS Does
3. £520/n1 converges by RAT. =e]

4. T cos?n/n3 converges by BCT; (cos?n/n3) & (1/n%) and L i/n®
converges (p-series,p > 1)

v

- L 1/¥n2-2 diverges by BCT; (1/vnZ-2) » (1/n) and L (1/n) diverges.
(harmonic series)

o

- L 3/n%/318 a divergent p-series, p = (2/3) < 1.

~

L n2/2n converges by RAT.

6 L ne-n converges by IT. I'xe xdx (use parts: us=x, du-dx, dv= e-xdx,
ve-ox)olim yooxp),’ [Pe-rax « lm gen. onf? .
ll’mo.( b/ob) (1/7eb)-(-1/e-1/¢) = 2/e. 80 I"xe -2dx converges.

9. L 2/(vn* 1) diverges by LCT: M (1/v)/(2/ V% 1)
Jmvasnzave - im ey vi/2 . 172 - 1 (part 1 of test applies). Since
L 1/¥n'« [ 1/n1/2 is a divergent p-series.

10. T costn)/n converges by AST.

het

1. L n/in() diverges by TD: M n/in(n) « M 1/(1/n) «iMp .o »0.
12. ¥ 1/+¥/n%.2 diverges by LCT: Jim (1/n)/(1/vn%+2) -jllnnalnz +2/n =

M v142/n2/1 = 1 « L. (part 1 of test applies). [ 1/n s divergent (harmonic
serfes).

13. F (-DV+AT1 converges by AST.
ne?2
14. T Gsinn/ 3" converges by BCT: (sinn/ 3% < (1/3) and T (1/3) converges
(geometric serfes [1/3) ¢ 1)

15. ¥ In(n)/n diverges by IT ].onx/x)(dx) (withu = Inx,du= dx/x) =
{1 [2udu = M (172025 < 1M (172062 « e, 2 [ F0nx/xXe)dIverges.

16. ¥ 1/«/ -2 converges by LCT: 1M (1/n4/%)/(1/¥n3-2) « ltm J 2/n4/3

nhpoe

= lim (J -2/n%)/1 = 1 « L. (Part 1 of test appites)

17. L (3n%+ 9n3+2)/(n2-1)Xn2+1) = [ (3n4+ Sn3+2)/(n4- 1) diverges by TD:
JMim N (3n4+ 5n3+2)/(n4-1) -"lg (3+5/n + 2/n9/(1-1/n% = 3 » 0.

16. T (1/2 + 1/m" converges by ROOT.

neq

Part 1L

1. L Oe-2n/n2; p = 1m (x-2D0+1/(n+ 1)2) x (13/fx-2P) goes to x-2|as n

approaches « = ahsolute convergence for 1 < x < 3. Series also converges
absolutely at endpoints x=1and x=3,

2. Ix2n-1/CGn- 1)) p =1im dxi2ne1)/(2n + 101 x (2n- 11/bef2n-1 goes to O as n
approaches « = absolute convergence for all X.



